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Abstract. Given a discrete group G, a unit vector u € R" and a orthogonal 
representation 7 : G — > 0{n), we study the cross product extension Hu Xj 
idQ of the n-directional Hilbert transform on the group von Neumann 
algebra £(R2isc x'7G).Ifl<p^2<oo, our main result establishes that the 
twisted Hilbert transform Hu XI7 idQ is Lp-bounded if and only if the orbit 
O^iu) is finite. This gives a rather unexpected characterization, in contrast 
with the behavior of Riesz transforms Ru x 7 idQ . Additionally, we extend de 
Leeuw's compactification theorem to this setting and obtain other estimates 
of independent interest. As applications, we also find new conditions for Lp 
convergence of Fourier series on group von Neumann algebras. The core of the 
argument combines Kakeya type constructions, geometric group theory and 
noncommutative Littlewood-Paley methods. 
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Introduction 

Group von Neumann algebras associated to (nonabelian) discrete groups are 
noncommutative versions of the algebra of essentially bounded functions over the 
characters of an abelian discrete group. As basic models of more general compact 
quantum groups, they play a prominent role in noncommutative geometry and 
also in operator algebra [71 [22]. Harmonic analysis on these algebras is largely 
unexplored even for central examples like free groups, contrasting with the vast 
harmonic analysis literature on (say) compact Lie groups. This paper is part of 
an effort [Ml [HI [TH [20l [21] to extend classical estimates for Fourier multipliers to 
group von Neumann algebras. Among other topics, this includes Hormander-Mihlin 
type results, Caldcron-Zygmund and Littlewood-Palcy methods, hypercontractivity 
estimates, and transference techniques. Our task in this article will be to analyze 
the role of directional Hilbert transforms (semispace Fourier multipliers) and the 
Lp convergence of Fourier series in this setting, as a first step towards more general 
non-smooth multipliers. As such, this is a natural continuation of [Ml [18], to which 
we refer for additional motivations and historical comments. 
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Let G be a discrete group with left regular representation Aq : G — > B{£2{G)) 
given by Ag (5)^/1 = Sgh, where the Sg's form the unit vector basis of £2(6). Write 
£(G) for its group von Neumann algebra, the weak operator closure of the linear 
span of Ag(G). Given / € 'C(G), consider the standard trace tg(/) = {5e,fSe) 
where e denotes the identity element of G. Any such element / has a Fourier series 

with m^ToifXaig-')) so that tg^) = /(e). 

Let Lp{G) = Lp(£(G), tg) be the Lp space over the noncommutative measure space 
(£(G), tq) — the so called noncommutative Lp spaces — equipped with the norms 

ll/llL,(G)-(-G[|/n)'. 

We invite the reader to check that Lp{G) = ip(T") for G = Z", after identifying 
Az"(fc) with e'^'^^i'^'-) , In the general case, the absolute value and the power p are 
obtained from functional calculus for this (unbounded) operator on the Hilbert 
space ^2(G). Assume now that G acts on M" by orthogonal transformations and 
let 7 : G — >■ 0{n) stand for the corresponding action. Let us write K^isc f*^^ ^^.e 
n-dimensional Euclidean space equipped with the discrete topology. As a discrete 
abehan group we find £(]Rj;gj,) ~ -^ool^jj^jj^), the algebra of essentially bounded 
functions on the Bohr compactification. The semidirect product Fdisc = Iodise ^7 G 
is still discrete and elements of £ (Fdisc) are formally given by 

seGCeRj^^ ffSG 

with fg ^ /(^, (7)b-cxp^ and b-exp^ the ^-th character on K-bohr- restriction 
to R" is the standard character exp^(x) = exp(27ri(^, a;)). The formal equivalence 
follows from the isometric isomorphism £ (Fdisc) — ^(Kdisc) >*i7 G with the cross 
product algebra, whose main operations are recalled below: 

• (/>^7Ag(.9))* =73-(r) X7Ag(.9-^), 

• (/ >^7 Ag(.9))(/' >^7 AG(g')) = hgif) X7 Ag(3.9'), 

• 'r£(R3i,J >^7 '^g(/ >^7 ^G{g)) = &g=e j f{x)dfj,{x), 

with '-fgf{x) = fijg-ix) and /i the normalized Haar measure on ^^0^1.. Restoring 
the usual topology on R", the algebra £(F) for F = R" G can still be represented 
as £(R") x-y G, where £(R") ~ Loo(R") with the Lebesgue measure. According to 
de Leeuw's compactification theorem [1^, the Lp (R[jQj^j.)-boundedness of 

■■ b-exp^. ^ -t sgn(^, u)m b-exp^ (u € S"-i) 

is equivalent to the Lp-boundedness of Huf{C) = — isgn(^, w)/(^), the w-directional 
Hilbert transform in R" with its usual topology. The map exp^. 1— >■ — isgn(A:, u) exp^. 
is also Lp bounded for G = Z" by standard transference arguments. In the context 
of Lie groups, we may consider similar operators by means of the exponential map 
with the vector u living in the corresponding Lie algebra. We are interested in the 
behavior of this operator on the group von Neumann algebras for F and Fdisc- We 
characterize its Lp-boundedness for 1 < p 7^ 2 < 00 on both algebras. 
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Theorem A. Consider the operator densely defined by 

Hu x-y ido : V fg AG(ff) ^ V Hu{.fg) x-y Ag(5)- 
^ — 'a ^ — 'g 

//l<P7^2<oo and u G §"~^, the following properties are equivalent 

i) Hu X7 idQ is hounded on Lp{T), 

ii) Hu X'y idQ is bounded on ip(rdisc)7 

iii) The orbit 0^{u) ~ {lg{u) \ g G G} is finite, 

iv) The following matrix inequality holds 



Sp(G) 



dx < 



Sp(G) 



dx. 



We will also prove Li — > ii.oo o,nd Loo ^ BMO type estimates for finite orbits. 

Although wc refer (for obvious reasons) to these operators as ^-twisted Hilbert 
transforms^ we have not found a close relation to other twisted convolution operators 
in the literature [15l [29l |42] . Of course, 7- twisted Hilbert transforms are always L2 
bounded since they can be realized as Fourier multipliers on £(r)/£(rdisc) with an 
£00 symbol. As an extension of Hu to a larger space, is it conceivable that Hu x^idc 
should remain bounded in Lp for 1 < p < 00. In fact, as recently proven in |18j . 
this is exactly what happens for Riesz transforms 

Ru x^ idc : ^ /g x^ AcCff) ^ Ruifg) x^ Xcig)- 
geG gGG 
On the contrary, Theorem A establishes a surprisingly rigid characterization in 
terms of the 7-orbit of u. This has led us to analyze the behavior of {Hu x^ idc)/ 
when the Fourier spectrum of / is supported by a subset A of G leading to infinite 
but lacunary 7-suborbits of u, see Theorem B below. Our notion of lacunarity — see 
Remark l3.3l — partly relies on suitable length functions/cocycles on G, emphasizing 
after [TH] the role of cohomology theory in our approach through these questions. 

We will prove Theorem A by showing i) ii) => iii) => i). The additional 
equivalence with iv) and the endpoint estimates will be proven later. The core of 
the proof is ii) iii). Roughly, when 0-y{u) is not finite, our strategy is to construct 
a Littlewood-Paley type decomposition determined by a sequence gi , 92 , • ■ • in a 
group amplification of G so that 7^^ (u) , 7^2 (u) , . . . admits Kakeya sets of directions 
in some sense. The idea is then to show that ip-boundedness of Hu x j ido implies 
a 'twisted Meyer inequality' in the compactified space ip(Kbohr)' 



|(Ei^7.,,h(/.,; 



< Cp max ■ 



whenever p > 2; a dual inequality arises for p < 2. The maximum on the right comes 
from the row/column nature of noncommutative square functions, see |18[ f28. 36, 35] 
for more on Littlewood-Paley estimates in this context. See also Lemma 13.11 for 
more on Meyer type inequalities and Remark l3.4l for twisted generalizations. A less 
tractable square function estimate in ij,(R") is obtained by decompactification. 
The goal then is to pick directions ^g- (u) distributed in a way so that such an 
inequality can not occur for a suitable choice of the functions fg^ . This is reminiscent 
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of similar estimates which have appeared in the solution of the multiplier problem 
for the ball [13] and around the directional maximal function [ll El El |30l [41] . The 
additional term of the maximum on the right-hand side requires ergodic arguments 
to handle it. We will finally disprove such inequality for sets of directions that have 
a 2-dimensional projection which admits Bcsicovitch's sprout triangle construction 
as used by Fcfferman |13| . Let us say that such a set admits Kakeya shadows. Using 
further group theoretical tools, we will study the geometry of 0-y(u) and show that 
infinite orbits always admit Kakeya shadows. Our choice of functions fg- adapts 
Fefferman's construction to higher dimensions in a way which is compatible with 
the second (new) term in the maximum considered above. On the other hand, the 
boundedness of Hu idc in Lp for finite orbits is standard. 

The equivalence i) <^ ii) may be regarded as a twisted form of K. de Leeuw's 
compactification theorem |10j for the multiplier Hu xi'y idQ. Some other results 
along this line will appear in |191I33| as a byproduct of noncommutative transference 
methods. According to the sketched argument — a decompactification process and 
a Kakeya type set construction — the implication ii) i) in the twisted form of 
de Leeuw's theorem is now reduced to the straightforward one iii) i). Our 
interest in ii) 4^ iv) was motivated by the Neuwirth/Ricard transference argument 
[?Tj which provides a slightly weaker result for amenable G. Instead, we notice 
the equivalence iii) <^ iv) for general G, which follows easily from our previous 
approach. Although not closely related, it is somehow amusing to compare this 
with the Bateman/Thiele results [H [3] on Hilbert transforms along one- variable 
vector fields, see also the work of Lacey/Li [531 [5S]. They consider operators on 
of the form Tf{x, y) = Hu{x)f{x, y) so that the directions change only with the first 
variable. In our case, the operator lives in the algebra of matrix-valued functions 
and the directions change only with the rows {eg,T f{x)eh) = H^^(^u)fg,h{x). In 
the case of finite orbits, we also provide the associated weak type Li inequality 
for amenable groups and certain — >■ BMO estimate for general discrete groups. 
The weak type inequality arises from [HU 132] • The latter requires a suitable choice 
of u-directional BMO, which might be new even in the Euclidean case. 

Our remaining results require some terminology. A set f2 = {wj \ j > 1} in the 
unit sphere §"~^ will be called radially lacunary if there exists a limit point lo in 
the sphere such that 



This 'radial' lacunarity is essentially one-dimensional. In a recent paper j34j on 
directional maximal operators, we introduced a higher dimensional notion. Given 
as above, set d = dim [span(^2)] and E(d) = {(j, fc) | 1 < j < k < d}. Divide il 
into lacunary segments with respect to an orthonormal basis ei, 62, . . . , ed 



I. {uj,ej) J 

with snp^f^^9aA+i/9a,i < 1- Letting Qcr,oo = n {ej U e^) and Z* = ZU {oo} 
we obtain a partition {Qa,i}ii£Z* of f2 for all a e T,{d). A dissection will be such 



single direction. Recursively, it is }1D-Iacunary of order L if there is a dissection 
for which the ^a/s are HD-lacunary of order < L — 1 for all i € Z* and cr € S((i) 
with uniformly bounded lacunary constants. 




< 1. 





is called HD-lacunary of order if it consists of a 
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Given A C G, we say that (A,7,m) is a lacunary triple when the 7-suborbit 
C'-y(A^^, u) ~ {jg{u) I G A} is simultaneously radial lacunary and HD-lacunary 
of finite order. Note that both notions of lacunarity are complementary, neither is 
stronger than the other. We also introduce the space 

i^A,p(rdisc) = ^'^fa >^'r ^oig) e Lp(rdisc)|- 

Theorem B. We have 

Hu XI 7 ido ■ -^A,p(rdisc) — > iA,p(rdisc) 

for any A C G for which (A, 7, u) is a lacunary triple, and for any 1 < p < 00. 

In other words, this result gives a sufficient condition on A for Lp-boundedness 
of 7- twisted Hilbert transforms acting on functions / = SgeA /s ^7 ^cig) whose 
Fourier spectrum lies in A. In particular, it provides infinite dimensional subspaces 
on which x^, idc is bounded when 0^{u) is not finite. It is quite simple to 
construct specific examples. The HD-lacunarity of the suborbit avoids the presence 
of Kakcya shadows, while radial lacunarity is used to apply Littlewood-Paley type 
estimates. The analog of Theorem B for F in place of Fdisc just requires to adapt 
the Littlewood-Paley estimates in [T^ to the (non-discrete) group F. More general 
notions of lacunarity provide generalizations of Theorem B, sec Remark 13.31 A 
more in depth analysis of the subsets A of G for which Theorem B holds is — as we 
shall see — related to some classical problems in harmonic analysis. 

We have shown how Lie groups or semidirect products M" xi^, G admit enough 
geometric structure to define directional Hilbert transforms on them. Given a 
general discrete group, there is no standard 'space of directions' to define Hilbert 
transforms on its group algebra, as we could do with R" or the corresponding Lie 
algebra. According to [?] , the key point is to use a broader interpretation of tangent 
spaces in terms of length functions and cocycles. These tools provide natural forms 
of directional Hilbert transforms. Moreover, the problem of Lp convergence for 
Fourier scries can be reformulated for general group von Neumann algebras in terms 
of cocycles. Given a length function -0 : G — >■ R+ with associated cocyclc {H,b,^) 
— see the body of the paper for precise definitions — consider any open convex 
bounded polytopc K in the Hilbert space H containing the origin. Typically, we 
may think of K as a cube centered at the origin. The problem is to determine 
conditions on K, for which truncation along dilations of K yields Lp-convergence of 
the partial sums; 

^lim ||/-r|/||^^(gj=0 where f ^ ^ /(.9)Ag(5)- 

" g: fc(ff)eRK 

Of course, inner cocycles are less interesting in this regard since partial sums are 
not finite truncations and the norm limit stabilizes in finite time. In the next result 
we provide sufficient conditions for Lp-convcrgcncc on any pair (G, '(/')■ These are 
optimal in the sense that we may find pairs (G,V') for which the same conditions 
are necessary. Given u ^T-L, set 

H^.u ■■ Ag(5) -i{b{9)^u)H^G{g)- 

Again, the space La,p(G) is the closure in Lp[G) of elements / ^ SgsA f{g)^G{g)- 
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Corollary C. Let G be a discrete group equipped with a length function ?/' : G — ?■ IR+ 
with associated (finite- dimensional) cocycle ('H,6,7). If I < p < oo, then the 
following results hold: 

a) H^^u ■ L'p{G) ^ -^p(GJ) if 0^{u) is a finite orbit. 

b) -ff^,u '■ La.p{G) — > La.p(G) i/(A,7,w) is a lacunary triple. 

c) Tr/ f in Lp{G) whenever \0^{uj)\ < oo for the normal directions 
ui,U2, . . ■ ,Um to all the faces o/K. Moreover, this condition is necessary 
as well for Lp-convergence inV = M" G or Fdisc = Iodise ^7 ^• 

The proof follows from our previous results on Fdisc via an intertwining identity 
from |18) . The condition in a) no longer characterizes Lp boundedness of in 
general. Indeed, take G = Z with ("H, b, 7) given by 

■H = C~M^ 6(fc) =exp„(fc) - 1, 7fc(z) = exp„(fc)z 

for some a G R+. When a € R \ Q, the orbit of any u e §^ is not finite, but the 
map H^^u '■ exp^ 1— >■ — i sgn(exp^(fc) — 1, u) cxpf. is Lp-bounded. This easily follows 
from de Leeuw's periodization and restriction theorems |10| . The condition in c) is 
equivalent to |7(G)| < c», since the normal directions to the faces of K must span 
M". This makes the necessity statement for F and Fdisc surprisingly restrictive, in 
the line of Theorem A. It should be compared with well-known Lp-convergence — or 
even a.e. convergence [23] — vector-valued results when we replace crossed products 
by tensor products and use the UMD property of noncommutative Lp spaces. The 
condition in b) provides a less demanding criterion for /'s with lacunary Fourier 
spectrum, which also extends (trivially) to convergence of Fourier series by imposing 
it (lacunary triples) to the normal directions ui, U2, . . . , Um- 

1. A Littlewood-Paley type theorem 

The first ingredient for the proof of Theorem A will be a Littlewood-Paley type 
inequality for group von Neumann algebras. More concretely, let G be a discrete 
group equipped with a given length function -0 : G — 1R+ and consider a lacunary 
partition of R+ = IJm-^™- Then, any / S Lp{G) can essentially be written as 
/ ~ Urn, where the Fourier spectrum of f„i lies in A™ = {g G G | il){g) G 
One of the main results from [18] provides a norm equivalence between / and certain 
noncommutative square function associated to the /m's. In this section, we recall 
this Littlewood-Paley estimate and consider some natural length functions in G 
related to 7. We also refer to Pisier's papers [36l |37] for more on lacunary type sets 
in discrete groups and noncommutative Littlewood-Paley inequalities. 

1.1. Length functions and cocycles. An affine representation of G is a group 
homomorphism G ^ H >i 0{'H) into the afRne group associated to a real Hilbert 
space %. Affine representations are determined by a representation 7 : G — > 0(H) 
together with a mapping & : G — >■ H satisfying b{gh) = ')g{b{h)) + b{g). The triple 
(T-L, 7, b) is usually referred to as a cocycle of G. It is clear that affine representations 
and cocycles of G are in one-to-one correspondence. In this paper, we say that 
^ : G — >■ M+ is a length function if it vanishes at the identity e, ipig) = V'(5~^) s-nd 
/3g = J2g h PgPhipig^^h) < 0. Those functions satisfying the last condition 



TWISTED HILBERT TRANSFORMS 



7 



are called conditionally negative. It is straightforward to show that length functions 
take values in R+. Length functions are also in one-to-one correspondence with 
affine representations and cocycles. Namely, any cocycle (7^,7,6) gives rise to the 
length function ipbig) = {b{g)-, b{g))-H, a-s it can be easily checked. Reciprocally, any 
length function ijj gives rise to a cocycle (H, 7, b). This is a standard application of 
Schocnbcrg's theorem [40], which claims that ip : G 1R+ is a length function if 
and only if the mappings S^^ti^'^cig)) — cxp(— t'0((7))AG(5) extend to a semigroup 
of unital completely positive maps on C{G). Let us collect these results. 

Lemma 1.1. If tp : G is a length function: 

• The form 

^ f , ^ ^P{g) + i^{h)-i;ig-'h) 

K^[g,h) = , 

nes a positive matrix on G x G and leads to 



J2g ''9^9^ ^'^'^V^ = Y.g,h "aK^^a, h)bh 
on the group algebra M[G] of finitely supported real functions on G. 

• Let % be the Hilbert space completion of 

(M[G]/A^^, (• , •)^) with Ni^, ~ null space of {■,■) ^, . 
If we consider the mapping 6 : g G G i— > (5g + A^^ G H 

determines an isometric action 7 : G — > 0{'H) of G on %. 

• The resulting triple ('^,7, 6) determines a cocycle of the group G. 

The previous lemma allows the reader to consider a pseudo-metric on the discrete 
group G in terms of the length function ip. Indeed, a short calculation leads to the 
crucial identity V' (5"^ /i) = {b[g) — b[h),b{g) — b{h))^ = \\h{g) — h{h)\W^. In particular 
we find that dist(g, /i) = ^Ji^ig^^h) = \\b{g) — h{h)\\-u defines a pseudo-metric on 
G, which becomes a metric when the h is injective. 

1.2. Littlewood-Paley estimates for length functions. Consider a family of 
operators E = {ak)k>i acting on some Hilbert space. Then, the row and column 
square functions associated to E are respectively defined by 

'^'^(^) = (Efe^^-'^fe)' 5.(E) = 

Given a discrete group G and a family E = {'yk)k>i in Lp{G), consider the norms 
||E||^ (G-f) ~ ll'^'-(E)||p and ||E||^ (g-I") ~ \\^c{^)\\p- Both clearly coincide over 
commutative algebras. In general, certain combination is needed to obtain the 
noncommutative forms of classical results such as Khintchine, Burholder-Gundy or 
Littlewood-Paley type inequalities. It is now well-known that the right combination 
arises as follows 



Z/p(G; 



Lp(G;£^) + Lp(G;^^) if 1 < p < 2, 
Lp(G;£^) n Lp(G;£^) if 2 < p < 00. 
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In other words, we have 

_ ^ L mf^J|5,.($)||, + ||5.W||, ifl<p<2, 
''"^^'''-^ \ max if 2 < p < oo. 

The following result can be found in jTS] . 

Lemma 1.2. Let G he a discrete group equipped with a length function : G — > M+ 
and assume that dim?^ = n < oo for the cocycle Hilbert space. Let A;„ = + ! 
and consider a family km G C'^"(M+ \ {0}) satisfying 



Ej&h^iOf <Cn\C\-'' forj<[^] + l. 



Then, the following holds for f e Lp{G) and 1 < p < oo 

with the Tp-smooth Littlewood-Paley decomposition /,„ = ^^miipig)) f {9)^0(9) ■ 

1.3. Length functions on G adapted to 7. It may be illustrative for non-experts 
to show how to construct natural length functions for those discrete groups which 
admit finite-dimensional orthogonal representations. This will be used below in the 
proof of Theorem B. Take 

V'o(n)(A) = ||A-I||^g = |Ajfc~'^jfe|^- 

It is not difBcult to check directly that ^po{n) is a length function in 0{n), but it 
is perhaps easier to note that 'ipo{n){-^) = ll^(A)||^ for the cocycle (7^,7,6) which 
is determined by the n x n matrices with the Hilbert-Schmidt norm, the action 
7a(B) = AB and the cocycle map A 1— >■ A — I. Consider now a discrete group 
equipped with a orthogonal representation 7 : G ^ 0{n). Using that ^po{n} is a 
length function, we may define "0^ : G — > R+ as follows 

^'7(5) = '^0{n){lg) = ||7s-I||hs- 

It is now clear that "0^ defines a length function on the group G for any orthogonal 
representation 7. Alternatively, given any non-zero ^0 G K" we may also construct 
the length functions 

Both choices of length functions correspond to inner cocycles — b{g) = 7^(77) — rj 
for some rj G Ji — which are quotiented out in the formation of the corresponding 
cohomology group, so the reader could object that our length functions are singular 
in the sense of cohomology theory. This was already justified in [T8|, where inner 
cocycles turned out to be the most striking ones looking for pathological Fourier 
multipliers, even in R". On the other hand, discrete groups satisfying Kazhdan's 
property (T) only admit inner cocycles. Thus, the information encoded by our 
length functions goes beyond the cohomology group, which is trivial for this class 
of groups. Bounded, integer valued lengths also arise regarding 0{n) as a Coxeter 
group, counting the number of reflections in which 7^ decomposes. 
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2. Twisted Hilbert transforms vs Kakeya sets 

In this section we prove Theorem A. Most of our efforts are devoted to proving the 
hardest imphcation ii) iii). First, we use Littlewood-Paley estimates in a group 
amphfication of G to obtain a square function inequahty in ip(Rbohr)' provided 
Hu X'y idc is Lp-bounded. The group amphfication is essential to provide enough 
room to disprove such an inequahty for infinite orbits. Second, we wih decompactify 
such an inequahty adapting transference techniques in conjunction with ergodic 
type arguments, which yields an inequality in Lp(M"). Third, we show that infinite 
orbits admit Kakeya shadows and disprove the latter Euclidean inequality. The 
proof of i) ii) uses a slight variation of de Leeuw's compactification argument 
which adapts to the cross product setting. Finally, the ip-boundcdness for finite 
orbits is clear and we shall prove stronger cndpoint estimates. 

2.1. Littlewood-Paley methods. The following result plays a role similar to 
Meyer's lemma in Fcfferman's solution of the disc conjecture [13]. By duality in 
Theorem A, it suffices to consider the case 2 < p < oo. However, the inequality in 
the following lemma is not self-dual. One can formulate a (more intricate) version 
for 1 < p < 2 which will be easily guessed by the reader after the proof. 

Lemma 2.1. If 2 < p < oo and Hu ida : Lp(rdisc) ^ -^p(rdisc), then 

oo 1 I c« 1 oo 

||(El^...(«)(/..)l')'|| <cpmax 
for any sequence gi, ^2, ■ • ■ inG and any family of functions fg-^ , /g^, . . . in ip(lKJJohr)- 



Proof. Let H = G x Z and set 

p : {g,k) e Hh^ 7g e 0{n). 

Clearly, p defines an orthogonal representation of H which yields 

K3i,,XpH ^ (RSi.cX7G)xZ, 
XpH) ^ /:(RSi,, x^G)®£(Z). 

This group isomorphism ^ y\p {g,k) i— >■ g,k) is additionally a homeomorphism 
since both sides arc equipped with the discrete topology. The map Xp idn 
factorizcs as x^ idc) ^ idz, so that ip-boundedness means 



/ \\{H.uy^^idG)fix)rdx <cj \\f{x)\\l 



dx 



for any / G Lp(T; Lp(rdisc)), which clearly holds by hypothesis. Once we know 
Hu Xp idn is Lp-bounded, consider the length function on M^isc H given by 
^(^ Xp {g,k)) = for all (5,fc,^) e G x Z x M". Recall that ip gives rise to the 
trivial cocycle Xp (g, k)) = k. Thus, we may apply Lemma 11.21 with n = 1. If 
we pick a small S > and any nonnegative radially decreasing Schwartz function 
: M M_|_ which takes the value 1 for |C| < and vanishes for |C| > 1 ^ S, the 
family of functions 



.(C) = (0(^)-'/'(2-"C)) 



for m e Z 
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trivially satisfy the hypotheses of the lemma. Now, given elements 51,(72,- •• in 
G and fmictions fg./fg^,--- in Lp(R3i,J, we set / = >^p >'ii{g~^,2^) with 

=7 -ifg and recall the identities 



p l£(H), 



>^p l£(H) 



According to Lemma [L2l we find 



1/11 



Lp(£(R2i^^xipH)) 



{ IKE, I/., I 



Using the same norm equivalence for (Hu y>p idn)/ = we also get 



\Hu[f]\\ Lp{c(m2i,c^ P^)) 



) II \ '—^ J / iipj 



By de Leeuw's theorem, Hu is bounded on Lp{W^^^^). Thus, the first term on the 
right hand side for Hu[f] is dominated by the second term on the right hand side 
for /. Therefore, since >^pid}i is Lp-bounded, the second term on the right hand 
side for H^lf] must be dominated by the maximum associated to /. Now, using 
the identity "fgHu4> = i?-y^(„)7g(/> we recover the desired inequalities. □ 

Remark 2.2. The full strength of Lemma FOl is not necessary to prove Lemma [53] 
One can also combine Bourgain's extension of Littlewood-Paley estimates for UMD 
Banach spaces [5] together with Lust-Piquard/Pisier's noncommutative Khintchine 
inequalities [5S1[57]. However, we will require Lemma [TT^ later to prove Theorem B, 
and we find our approach more intrinsic, which could help for future generalizations. 

2.2. A partial decompactification. The inequality arising from Lemma 12.11 is 
stated for Lp-functions on the Bohr compactiflcation of E", with respect to the 
corresponding normalized Haar measure. In this paragraph we are interested in the 
form that such an inequality takes in Lp(W^) with the Lebesgue measure. Given 
M > and / : R" C supported by [0, M] x • • • x [0, M], we shall write ttm/ for 
its M-periodization in the axes directions TTufix) — X^fceZ" /(-'' ~ Mk). We also 
consider M-periodizations along 5-lattices 



Let us also recall the Lp norm for almost periodic functions in 

1 



-A,A]" 



\4>ix)\Pdx 



Lemma 2.3. If 2 < p < 00 and Hu xi^ idc : Lp(rdisc) ^ -^p(rdisc), then 



|(EI^7.,h(/s.)P 



J=l 



< Cp max 




lim Mp 



M- 



El-M7„-4f 



for any sequence (71,32, ■• ■ in G and any family of functions fgi,fg2, ■■■in ip(M"). 
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Proof. Our argument adapts de Leeuw's decompactification argument in |10| . By 
density, it suffices to prove such an inequality for a finite family /gi , /ga i ■ • ■ j /sn of 
compactly supported Schwartz functions. If Sp denotes the Schatten p-class, the 
left hand side is the norm in Sp) of J^j H^-(^u){Igj)®^ji- In particular, trace 

duality provides us with a (matrix-valued) compactly supported Schwartz function 
h = ^ ■ hj ® eji in the unit ball of Lq(M"; Sq) for - + - = 1, such that 



IN 



■H"7„.(«)(/ffj)P 



If supp/ C [— t]"' recall the identity 



H / H^^,^){fg^){x)hj{x)dx 
,=1 -^R" 



f{k) - M"7rM/(fc), 

with the first Fourier transform calculated in MJ^ and the second in MT'^. This gives 



^ -i lim M^y^ sgn{'ygAu),k)'KM.fgAk)T:Mhj{-k). 

M— J-oo ^— ' 

Let us write exp^ : M" — >■ T for the usual characters of R" and b-exp^ : RJ^ohr ^ 
for the characters of the Bohr compactification. Both families are indexed by the 
same set, but the latter are defined in a larger group. Define 

0Mj = E ^M/g^lOb-cxpj and (fiuj = E ^tm ft.j(C)b-cxpj. 
This yields 



■■^^sgn{jg^{u),k)nMfg,{k)nMhj{-k) = E. ^-/s, H 



^7g^.(«)(0Mj)(a;)</fM,i(a;) rf/x(a;), 

where now the Hilbcrt transforms must be understood as operators on the Bohr 
compactification and /i denotes the corresponding normalized Haar measure. On 
the other hand, trace duality in L2(R{JqJjj.; S'2) gives 



;Sp) 



AB. 



According to Lemma |2. 11 we know that 



A < Cp max 



E 



Let us now recall the identity for trigonometric polynomials 
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which relates Haar integration and mean values. Approximating by trigonometric 
polynomials and noticing again the identity between Lp-norms of column matrices 
and Lp-norms of square functions, we find 



9] I 



M 



Lp(MT") 



The second identity follows by M-periodicity and the third one is valid for M large 
enough, since the fg - 's arc compactly supported. The same argument and the fact 
that J2j ® eji is in the unit ball of Sq) gives B = M~~. Finally, since 



7rM/5,(C)b-exp^^_^^ = 



M" 



b-exp. 



E 



MJG7 



M" 



-exp^ 



M{e7 



5") 



we obtain the following identity as before 



-i0M,i (X) Cji 



The assertion now follows by combining the estimates obtained so far. 



□ 



2.3. Distribution of points in lattice intersections. The decompactification 
of the last term in Lemma 12.31 requires a more careful analysis. Let us consider the 
two-dimensional lattice Mpq(Z'^) given by an a- rotation of MZ^. We set tt^ for the 
corresponding pcriodization operator and 



(/?> = 



if /? e 



where p/q is written in reduced form, so that p,q are relatively prime. 
Lemma 2.4. Given zq G and S > 



lim lim 

M^oo A-i-oo 4A^ 



< 



(ta 



Proof. Classical crgodic theory [TT] gives that 



Orb 



M 



(a) = 



mod M X M 



is injective, dense and uniformly distributed in the unit cell [0,M] x [0, M] when 
tana G In particular, the following estimate holds for irrational slopes and 

sufhciently large M 



A-i-oo 4A2 



^A, A]2 n 7rM(B5(zo)) n Tr^{Bs{zo)) 



< 



M2' 
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Indeed, let Qa be a covering of [—A, A]^ by disjoint adjacent M x M cubes with sides 
parallel to the axes. Note that |Qa| ~ AA'^/M'^. On the other hand, if we pick a 
random point a in Mpa(Z2), the probability that 85(20) n (65(20) + cr mod M x M) 
is not empty is the same that zq + ct mod M x M belongs to the ball B2s{zo), which in 
turn is comparable to f;p-| 625(20)! since the 7r^-orbit of zq is uniformly distributed 
in the unit cell. In conclusion, we may rewrite the left-hand side as follows 



lim 

A-)-oo Qa 



- y 



'n^M(B5(2o))n<i(B5(2o)) 



QeQA 



Translating everything to the unit cell, we get 

,1™ |B5(2o)n(7rSi(B5(zo))nQmodMxM) 



QEQa 



< 



\Bs{zo)\ Prob{B5(zo) n (65(20) + mod M x M) ^ 0| ^ A_. 
Taking limits in M, we conclude for tana e M\Q. If tana ^ p/q is rational, set 



ei 



and 6-2 



2 " vV + ? 



Of course, we choose p, q relatively prime. Now we may write 

OrbM(a) = |(2o + jMei + fcMe2) modM X M I j, fc e z|. 

Therefore, the suborbits generated by Mei and Me2 span OrbM(Q;). Note that the 
suborbit generated by Me^ lives inside a union of segments Efc in the unit cell which 
point in the direction of Cj and such that 



When this square root is irrational, OrbM(a) is again injective, dense and uniformly 
distributed, and the argument for irrational slopes still applies. When it is rational 
the orbit OrbM(Q;) is finite and its cardinality = |OrbM(Q!)| is independent of 
M. In particular, we set 



AM(a) = inf |dist(A,B) | A,B € OrbM(a)| > 



0. 



Note that Am (a) ~ ^Am„{oi) for M > Mo large enough, so that 



lim lim — — 

M^-oo A^-oo 4A^ 



:-A, A]2 n 7rM(B5(2o)) n 7rS(B5(2o)) 



< 



|B5(^o)| 

J OL 



since we eventually find Am (a) > 2(5. However, the suborbit generated by Mei 
contains at least yjp^ + q^ nonequivalent points, more if yjp^ + q^ € Q\Z. In 
particular, we always have Ja > {t&na) and the proof is complete. □ 



For the last term in Lemma 12. 3[ we will consider a finite family of pairwise 
commuting gj G G, with 1 < J < N. In particular, the orthogonal maps ^g. will 
admit a simultaneous diagonal form. This means that we may find a direct sum 
decomposition 

M" = A+i © A_i © Oi © 62 © • • • © Of , 
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where A±i is the direct sum of the eigenspaces with eigenvalues ±1 and the 8/c's 
are 2-diniensional eigenspaces where the ^g- 's act by rotations. On the other hand, 
our functions fg^ will be characteristic functions of prisms 



A, = R, X [-A, A] 



n-2 



with Rj disjoint rectangles living in <di and certain A > so that \ Aj\ > 1. 
Let us write pg^ and Pgj,_L for the restriction of ^g^ to Oi and its orthocomplcmcnt 
respectively. We write ajk for the rotation angle of the map Pg g-^- 



Lemma 2.5. Given pq > 2, we have 

N . 1 _ N 



lim M^|(5]|7rS7,-XA,p)'| ^ I IJ 

M— ^C30 I \ ^ — ' / I pn I 



J=l J=l 
N 

provided that (tanajfc) > N^'o+U'^-^diam^ |J pJ^{Rj)^ for anyl<j^k<N. 

i=i 

Proof. If M is large enough T^M^g^j^XA, = XBmjj where Bmj- is the periodization 
of 7^^(Aj) along M7^^(Z"). If the periodized sets Bmj- were pairwise disjoint for 
all M > Mo, the assertion would trivially follow by direct computation. In the 
presence of overlapping 

N 1 N j_ 

|(EI-m7,-X^.P)'| ^ > lU^.i™ 

j=i ^° i=i 

for fixed M and po ^ 2. In particular, it suffices to prove the reverse inequality. The 
idea is to show that the overlapping becomes small enough for large M. Consider 
the partition [-A, A]" = <I>m,a U *m,a with 

*M.A = U ([-A,A]"n7rS(7,-(v4,))n^^-(7,-(^fc))), 
the set where overlapping of the Bmj's occur in [—A, A]". This yields 

N 

Jim M"|(5:kS7,-X^J^ 



j=i 



Pa 
Pa 



JToo I^oo 2^ i ^Mlg-^XA, (X) dx 

^ *i*M,A j — l 

N 



< y|A|+N^-^ hm f (y7^'J.J-^XA■ix)Ydx 

j—l y^M.A j—l 

^ E 1^. I + N^-^ ^ hm^ ^ I *M,A I ^ ( / ^ ^ E A Ig-XA, (-) d.) ' , 
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where we have used the absence of overlapping in ^m.a to eUminate the power po/2 
and M-periodicity of the 7''^7g^^XAj 's (isolatedly) for the first term. We may also 
use periodicity to estimate the last term on the right-hand side 



lim M" 



M- 



N 



Po 
Po 



< 



< 



N 



N 



2 2 I 



N 

E 



1 



N— "2 



M" 



lim - — — I^'ma 



N 



lim lim 



I* 



M,A 



|u^4 



since \Aj\ > 1 and Aj tl A^ = ^ for j ^ k. We write and tt^ j_ for the 
M-periodization operators in 0i and its orthocomplement respectively associated 
to pg. (with rotation angle aj) and Pgj,±- According to the form of Aj we get the 
inequality 

|*M,a|< E l*kA(j,fc)|x l*M,A(j,fc)l 

l<j^k<N 

with the sets on the right given by 

^iMk) - [-A,A]2n</(p-i(i?,))n7rS'=(p-ni?fc)), 

^iMk) ^ [-A,A]"-2n^^^^(p;^i^([-A,A]"-2)) n^^_^(p-i^([-A,A]"-2)). 

Pick zq G 01 and S > minimal so that Pg^{Rj) C 65(20) for all j. By Lemma 
and the hypothesis, 

hm hm -r^l^'M.AO',^)! 

M->oo A-i-oo 4A 



< 



lim lim 

M->oo A-»-oo 4A^ 



< 



1 



]\[P0 + lA"-2 



-A,A]2n^^^(B5(zo))n^S''(B5(2o)) 
Moreover, eliminating the dependence on k for ^(j, k) gives the upper bound 



lim lim 

M->oo A->oo 2' 



l*M,A(j,fc)l 



< lim lim 



Tl-2 



M-i-oo A->-oo 2 



n-2^n-2 



[-A,A]"-^n<.^(p-i (hA,A]"-2)) 



< A 



71 — 2 



Altogether, we have liniM,/ 



M" 
2"A'' 



1^ 



M,A 



< P° and the assertion follows. 



□ 



2.4. Infinite orbits admit Kakeya siiadows. We continue by introducing a 
class of sets in the unit sphere for which the inequality in Lemma [2.31 fails 

and show that infinite orbits of arbitrary discrete groups belong to this class. Our 
definition is motivated by Fefferman construction |13j . Given a great circle C and 
any set of directions 17 in we write tt^ for the orthogonal projection onto the 

plane determined by C. Let 



|t((")I 

denote the geodesic projection of f2 onto C- Let TZn^ denote the collection of 
rectangles R in the plane determined by C with longest side pointing in a direction 
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of Q( . The expression 3R will refer to the rectangle with the same center and width 
as R, but with 3 times the length. We will say that admits Kakeya shadows if 
there exists an absolute constant cq such that for each m > 1 we may find a great 
circle C(™)j ^ measurable set Em in the plane determined by C(™)5 ^-nd a finite 
collection of pairwise disjoint rectangles Sjj^j^^j C Tln^i^^-) so that 

a) \Em\ < ^ E 1^1' 

b) \R\ < co\{3R\ R) n Em\ for each R G 

The existence of sets admitting Kakeya shadows is a consequence of Besicovitch 
construction [J. For instance, a set f2 admits Kakeya shadows whenever there 
exists a shadow $7^ which is dense in the unit circle Let us now go back to the 
framework of our problem. Given a discrete group G, a unit vector u G M" and an 
orthogonal representation 7 : G — >■ 0{n), we are interested in knowing when the 
7-orbit of u admits Kakeya shadows. 

Lemma 2.6. The orbit 0-y{u) in S"^^ is either finite or admits Kakeya shadows. 

Proof. As described above, it suffices to prove the stronger statement that infinite 
orbits always admit a dense shadow. The argument is simple when n = 2. Assume 
the orbit 0^{u) is not finite. By compactness, it must accumulate at some point 
cr G §^ and we may find for each e > group elements ge,h^ G G such that 
|7g^(u) — ^hc{u)\ < e and det7g^ = det7?t^. It follows that 7g-i/j is a rotation of 
angle < e. Density of 0^{u) follows iterating these maps for e arbitrarily small. 
A similar argument applies when G is abelian and n is arbitrary. In that case, 
the 7g's are pairwise commuting maps and we may consider again the direct sum 
decomposition into common eigenspaces R" = A±i © 0i © 82 © • • • © Of, where the 
7g's act by rotations on two-dimensional Oj's. Let us decompose u as vg + Vj 
with {vs,Vj) G A±i X Qj. If 0^{u) is not finite, there must exist 1 < jo < (- with 
Tjjo 7^ and |0-y(?jj„)| = 00. Taking Co to be the great circle in generating 
0j„, it is clear that the shadow 0^{u)c^„ contains O^(wjg). Moreover, 0^{vjQ) is an 
infinite orbit generated by rotations in Qj^ , so that it is dense in as in the n = 2 
case considered above. 

Now that we know the statement holds for discrete abelian groups, it suffices to 
show that infinite orbits of discrete groups always admit infinite suborbits generated 
by an abelian subgroup. To see this, consider the linear subspace 

= |C G M" I 7gfc (0 C for all 5 G G and some k = k{g, > l}- 

If u ^ J-y, then we may find £ G such that li„{u) ^ 7go('") fo'" ^^^^ P^^^ '^^ 
integers j ^ k. In that case, A = (^q : fc G Z) ~ Z is an abelian subgroup of 
G giving rise to an infinite suborbit 0~f{K,u), as desired. On the other hand, if 
u £ wc note that is a G-module. Indeed, given a pair (.goj^o) G G x and 
any g G G, define /iq = go^ggo and ko = fc(/io,^o)- Then we have by definition 

Ih'^oi^o) = Co =^ 7ff'=o(7so(Co)) = 7go(Co)- 

This shows that 7^0(^0) G 'J-y and proves our assertion above. In particular, since 
u G jZy the whole orbit 0-y(u) lies in jZy, which in turn is an invariant subspace 
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of the representation 7. Restricting to that subspace if necessary, we may assume 
that = M". Let ei , e2,...,en denote an orthonormal basis of M". Writing 
TO = m(g) for the least common muhiplc of k{g, ei), k{g, 62), . . . , k{g, e„) it is easily 
checked that 7gm(^) — ^ for all ^ e M". Let us consider the normal subgroup 
H = {g e G I 7g(C) ~ C for all ^}. Again, since 7|jj acts trivially on R", we may 
restrict to the quotient group G/H or equivalently assume that H ~ {e}. This 
means that g"^ = e for all g € G and some exponent m = m(g) > 1, so that G is 
a torsion group. According to the Jordan-Schur theorem, any torsion subgroup of 
the group of n x n complex matrices is virtually abelian. In other words, G admits 
an abelian normal subgroup A of finite order. If we now consider the suborbit 
Oy{A, u), it must be infinite since 0-y{u) is infinite and A is of finite order. □ 



Lemma 2.7. Let 2 < p < 00, then 0-y{u) is finite if and only if 

00 1 



< Cp max 




, hm MT I (Y^Kl.r^fa, 

n M— >-oo I V ^ — ^ 

for any sequence gi,g2, ■ ■ ■ in G and any family of functions fg-^, fg.-^, . . . in ip(M"). 



Proof. The validity of such an inequality for finite orbits and I < p < 00 follows 
from the ip-boundedness of directional Hilbert transforms. Assume now that 0^(w) 
is not finite and the inequality in the statement holds for some pq > 2. According 
to the proof of Lemma \TM there exists an abelian subgroup A such that ©^(A, u) 
is infinite. In other words, we may assume that G itself is abelian. Decomposing 
7 into its irreducible parts as above, we get M" = A±i © 9i © 02 ffi • • • ffi 6f with 
u = vs + J2j '^j- Pick 1 < io ^ ^ such that Vj„ 7^ and [©^(wj^)! = 00, and consider 
the great circle Cj„ = Qj„ n §"^^. We claim that there exists 

• A family {gk,7i | to > 1, 1 < fc < 2^" } in G, 

• Rectangles Rkm and measurable sets Em in Qjg , 

satisfying the following conditions 

a) Rkm points in the direction of tt^^^^ (7gfcm(w))i 

b) \E„i\ < ^J2k \Rk,n\ S ^J2k l(3-Rfcrn \ Rkm) H E,n\, 

C) n Rkm = = 73-^1 (Rjm) n Jg-i^ {Rkm) iOT I < J ^ k < 2^"' , 

d) The sets {{gkm, Rkm)}k satisfy Lemma [2751 with N = 2^ for each to > 1. 

We finish the argument before proving the claim. Fix to > 1 in what follows and 
consider an orthonormal basis ei,e2,...,e„ so that span{ei,e2} = Qjo- Let us 
write 7gfc„(u)j for (7gfc„ (w), e^) and set 



A = 1 + max I length(i?,„)- ^"^^ l 



Vlgk.Au)l+lg,„Auy 
We consider the following prisms in R" 

Akm = (Rkm X [-5A, 5A]"-2 



1<A:<2^ , 3<j <n 
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fern = (^(3i?fcm \ i?fcTn) X [— iA, iA]" . 



B 

Taking Jg^^ = xa^^, we have 4|i/^_^^^(„)(/g^^J| > xb^^- Indeed, by translational 
and rotational invariance we may assume that the prism is centered at and 
7sfcm('")i — 0- Now, given x £ Bkm, we have 

n 

= X[-aM(^^)X[-l3,P\{x2 ~ t-ig^^{u)2)W_X[-b\.bX\{Xj ~ t-fg,^^{u)j) 

J=3 

for some < a < /3 = length(i?fc„j). It is clear that |xi| < a for x € Bkm. On the 
other hand, the right hand side vanishes unless \x2 — tjg^^{u)2\ < /?. This implies 
in turn that 

|t7<,.„(«)2|</?+k2|<4/3 

11 9 

- *7sfc,„(u)il < + \t"fg^^iu)j\ < + ^l*7gfc„(it)2|A < -A. 

Hence, XAk„,ix - tjg^^{u)) = X[-i3, p]ix2 - tjg^^iu)2) for x € Bkm and we obtain 



H^,^^(u){fgu^){x) H{x[-p,fi]){x2) 



■log 



X2+ P 



X2- P 



for X €z B, 



km ■ 



The last logarithm is greater that ^ for /? < |a;2| < 3/3, which gives the desired 
estimate 4|i7^g^ («)(/sfcm)l ^ XBkm- Using this, property b) above, and Holder's 
inequality we obtain 



fc=i 



2^|^^^| < ^ri 2 | (Sflfcrn \ ^fcm) H £'m | 

fc=l 

= ^|Bfe™n X [-iA,iA]"- 



fc=l 



< 



1 



1 — \(n-2)(l-^) 



< 



m Pa 



X! l-^7gfc„(«)(/9A,.™)l 



1-^ 



fe=l 



On the other hand, properties c) and d) give 



max 




, lim M™ f k 

po M^oo I V ^ 



k=l 



M"7g-^/sfcm I' 



k=l 



2 

Po 



2(,,-2) 
(10) ™ 



fc=l 
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with constants independent of m. Combining the two estimates via the inequahty in 
the statement of the lemma, we get a contradiction for m large enough. Therefore 
it suffices to prove our claim at the beginning of the proof. If s = s{m) = 2™, 
let us write Fm and Sim, S2rm • • • , S2!>m for the measurable set E and the pairwise 
disjoint rectangles i?i,i?2, ■ • ■ ,-^2^' which appear in [Ml Lemma 10.1.1]. Then we 
find 

m ^ — 'k rn ^ — 'k 

Of course, these properties remain stable under affine transformations and we may 
assume that Sim points in the direction ■n^.^iu). Now, recall that the (^j^-shadow 
of 0^{u) contains 0^f{vjg), which in turn is dense in (j,-, . Therefore, we may pick 
the group elements gum, so that ttq-^ ilgkm. (■")) points in the direction of Skm, or at 
least as close to it as we want. Note that Fefferman's construction admits small 
perturbations, so that we can move the rectangles slightly to make them point in 
the directions we pick. Our final choice of directions will be determined at the end 
of the proof. If we choose R'j^m ^ Skm, it turns out that properties b) and c) hold 
except possibly for the pairwise disjointness condition 

7^-1 {R',m ) n 7,-^ (i?;.™ ) = for l<3^k<2''\ 

Note however that the given construction is still invariant under translations. In 
particular, we may take R'l^m ~ '''iSkm) for a suitable translation r in Oj^. Assume 
for clarity that u = ei and take Sim ^ [0, 3 log(s + 2)] x [0, 2^"], so that we roughly 
have Skm ^ Igum (Sim)- This is essentially the worst possible configuration, since we 
find a large overlapping for the family 7^-1 (Skm)- Taking however R'j^m — '''(Skm) 
with T{x,y) = (x + L,y) for L > large enough, it is easily checked that we get 
the missing disjointness condition in c). In summary, the rectangles i?^^ satisfy 
conditions b) and c) which in turn are stable under small perturbations. It remains 
to select the gkm's and small perturbations Rkm so that conditions a) and d) also 
hold. Since the gkm^s are pairwise commuting because G can be taken abclian, it 
suffices to check that 

• Rkm II 7rc,j7s.™(")), 

• l^fc^l ^ 1 foi" "1 > 1, 

^ — 

. (tana™) > 2^(P«+i) A^'^diam^ ( |J %^l{Rkm)) = J(po,m,A). 

fe=i 

Since A > 1 by construction and |i?fe,n| ^2^" logs, we see that 
2= 2= 

\Ak,n\ > \Rk,n\ > logs - m >> 1. 

k=l k=l 

Finally, we select the gkm's so that the first and third conditions above hold. Pick 
gim = e, so that Rim = R'lm points in the direction of ttq (u). Then we have to 
pick so that (tana^^) > J{po,m,X) and Tr^^g (7g2„ (u)) is close enough to the 
direction of 5*2771, so that i?2m will be a small perturbation of r(S'2m) pointing in the 
direction of tt^^. (72m (w)). This is possible since the -shadow of 0-y{u) is dense 
in and (tana^) < J{po,m, A) holds for finitely many directions. Once 51m and 
g2m are fixed, pick g^m with t:q.^ {l gz^iu)) close enough to the direction of S^m and 
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such that (tana^) > J{po,m,X) for j = 1,2. Since the latter mequality fails for 
finitely many directions, again this is possible by density. Iterating the process we 
obtain the desired construction and the proof is complete. □ 



Proof of ii) =4> iii) in Theorem A. Since twisted Hilbert transforms are Fourier 
multipliers on the group von Neumann algebra associated to Fdisc, it is easily 
checked that Hu x-y id-Q is self-adjoint (up to conjugation of the symbol) so that we 
may assume 2 < p < oo . Then we combine Lemmas 12.31 and 12.71 □ 



2.5. Twisted de Leeuw's compactification. Let us now prove the implication 
i) => ii) in Theorem A. We will write and ifb,ii in this paragraph to distinguish 
between the w-directional Hilbert transform on R" and its Bohr compactification 
respectively. Assume idc is Lp-bounded for some 1 < p ^ 2 < oo. By 

density of trigonometric polynomials, it suffices to prove the ip-boundedness of 
Hh,u X7 id-G for finite sums of the form 



/b = ^ 7(C,g)b-cxp^ Ag(5)- 



Once we have fixed /b, we find {H^^.u ^-y idQ)f\, = (-ffb.u x^ idG)fh, where 

i7b,u(b-exp^) = -isgii(u,Ob-expj 

and sgn is a smoothing of the sign function which coincides with it on the finitely 
many values (u,^) with ^ appearing in /b. We will write for the corresponding 
smoothing operator in R". Given 5 > 0, set hs{x) ~ (27r5)~"/'^ exp(— |a:;p/2(5) and 
we claim that 

||(ifb,u x^ idG)fh\ 



\{Hh,u x^ idG)fh\ 



lim 

lim 

5— f 00 



-ih^ 2^^^sgn(w,0/(^,g)cxp^ x^-Aclff) 
{Hu yOyidG)[h] ^ /(^, 5) exp^ x^Aclff) 



hm \\{Hu X, 



^ldG)(^4 



E 



?,9 



/(C,5)expj x^AG(ff) 



< 



l^ll^lE. /(C'.9)exp^ x^AG(g) 



S—>-oo 



Lp(T) 



l/bll 



Lp{r) 
Lp{r) 

Lp{f7^^)- 



Since the inequality follows by hypothesis, the constants are independent of the 
smoothing. It remains to justify the identities. If / = g fiS,, g) &^P^ ^7-^g(.9) 
stands for the trigonometric polynomial in C(T) with the same Fourier coefficients 
as /b, the second and fifth identities follow from 



l/bll 



lim L 



Lp{Tditii 

The proof reduces to p = 1 since /15 x^ 1 is in the center of £ (Fdisc), so 

|IMlL.(r^.) = 
Approximating |/b|^ by a finite sum, it suffices to note that 



\^<pir-. 



lim /i^l/r Lwf) 



lim ft-f f L .px. 
5^00 II ^ llip(r) 



b-exp^(x') dfi 



lim 

(5— >oo 



hs{x) exp^(a;) dx, 
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since the cross product with Ag (<?) only changes both sides by a factor of 6g=e ■ On 
the other hand, the third identity in our claim follows from the triangle inequality 
together with the identity 



lim 

5— f oo 





{Hu >OjidG)ih^ .f) + ih^ sg5(u, ff) exp. x^AG(g) 

^ — 'i,g 



= 0. 



Since the sums are finite, we prove that this is true term by term, in which case 
the cross products with Ag(5) arc irrelevant. In other words, we just need to show 
that we have 

lim cxpj) +i/i|sgn(u,^)cxp. II = 0. 

According to the Lp-boundedness of Hu in M", these expressions arc uniformly 
bounded in 6 for fixed 1 < p < oo. By the three lines lemma, it then sufiices to 
prove this identity in L2 with exponents (1 — it)/2 + it/q = 1/2 + ia with a G K. 
By Plancherel theorem 

\+ia \ .j^+ia^ / ||2 



I Hu (hi cxp^ ) + sgn('u, exp^ 



12 



|sgn(u,77) - sgn(M,0^/^| ^ 0|^*7 



< 



|sgn(w, 77) - sgn(u,^)|^|/i|"'''°(7] - 0|^*7 = Me + Bs,e 



Since = ^^^(v^O for some Schwartz function we see that Bs^e — 

as (5 — >■ 00 for all e > 0. On the other hand, sgfi is uniformly continuous and the 
integral of hs is 1, so that sup^^Q Ag,^ — > as £ — > 0. Combining both estimates we 
obtain the desired limit as (5 — >■ 00. To justify the fourth identity we argue as for 
the third, so we may reduce it to show that 

lim / |sgn(u, 77) - sgn(u, v)fh'l~^''"{r] - drj = 0. 

■5-*-°° JR" 

According to our smoothing, there exists eo > so that sgn(u,77) = sgn(u,77) if 
I77 — ^1 < £o- In particular, the integral above is just defined on |?7 — ^| > Eq and 
the limit again vanishes since sgn and sgn are uniformly bounded functions. □ 



2.6. Endpoint estimates for finite orbits. The proof of iii) i) in Theorem A 
is straightforward. We will instead prove stronger endpoint estimates from which 
we recover i) by interpolation and duality, see [T7] for further details on Lp-BMO 
interpolation in this context. It is known that the directional Hilbert transform 
Hu does not have a smooth Calderon-Zygmund kernel and fails to be Loo BMO 
bounded on R" for n > 1 with the usual definition of BMO. Nevertheless, there 
exists a directional BMOu space on R" satisfying 

a) Hu : Loo(M") ^BMO„, 

b) [BMO„,Lp(M")]^/^ = L,(]R"). 
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Namely, the norm in BMOu is given by 

||/||bmo„ = sup (Su,t\f\' - \Su.tf\^)^ with sZTfiO - e-*l<"^«)l7(0. 

t>0 ^ / oo 

Properties a) and b) arose naturally in [18] by combining techniques from geometric 
group theory and diffusion semigroups, although it might be they were known 
previously to exports in the field. A similar result holds for if„ xi-,, idc when 
|C'-y(u)| < oo. Namely, setting Su,t = Su,t X7 ^^g so that 

5'u,t(exp^ >^^Ag(,9)) = e"*l<"'^>l' exp^ ><i^AG(g), 

we define the space BMO„(r) by 

ll-/"llBMO„(r) ^ ^^-'^ { 11-^11 BMO;;(f)' ll/llBMOJi(f )}' 

where the row and column BMO norms are given by 

ll-^llBMOJCf ) = (^Su,tif.f*)~Su,tfSu,tf*^ 



I/I 



BMO= (r) 



£(r) 
£(r)' 



^Su,t{f*f) — Su,tf*Sujf^ 

See |17| and the references therein for more on noncommutativc BMO spaces. 
Theorem 2.8. If 0'y{u) is finite, then 

Hu>ij idG : ioo(f ) A BMO„(f ). 
The superscript cb means that the map is not only bounded, but completely bounded. 

Proof. According to the Loo — > BMO analog of de Leeuw's compactification 
theorem — already justified in |18j — it suffices to show the complete boundcdncss 
of the map 

HuXif idG ■■ ioo(rdisc) BMO„(rdisc), 
where the latter space is defined via the semigroup 

b-cxp^ XI ^ Xoig) e"*l^"''^^'\-exp^ AG(.g). 

Let Gu = {g & G \ jgiu) = u\ be the 7-stabilizer of u. Since the index |G : G„| 
coincides with [©^(m)!, we have finitely many right cosets GuQ- Let us label them 
as G„(7j with 1 < j < [©^(m)]. Thus, if we set 

Tdisc = Jl^disc ^7 

we may write any element / in £(rdisc) as 

/ = X! /(^:ff)b-exp^ AG(ff) 

\0-,(u)\ \0^(u)\ 

= XI XI /(^'5ffj)b-expj AG(ff5j) = ^ fj- 

We define 

Fj= ^ f{£.,ggj)h-exp^ xi^ Xoig), 
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Wj = b-expQ y>j Ag(3j), and let us also write E„ for the conditional expectation 
'C(rdisc) — > £(rj{;j,j,). Then, it is clear that we have / = FjWj and = Eu{Fj)wj 
for aU j, so that idG){Jj) = (H„ x-y idcu) (Eu(i^j)) ■ Moreover, we have 

l|E„(-Fj)||oo < ll^'illoo = li/l!oo since Wj is a unitary. This yields 

\\{Hu xi^ idG){f)\ 



BMO„(rdi,c 



< 



\0^(u)\ 

E 



{Hu x^ idG){Jj)\ 



BMO„(rdh 



< 



x^ idc,, ||^^_j.g[^Q ||/||cx)- 

Since the same argument holds for matrix amplifications, it suffices to prove the 
cb-boundedness of H.^ x^ idQ^. In other words, we may assume that u is a fixed 
point of 7. In that case we find 

This means that is a 7-equivariant map. On the other hand, since we know that 
Hu : ioo(R") BMO„(M") the same holds for Hu on Rg^^r —use once more the 
Loo BMO analogue of de Leeuw's theorem from [18] — and the assertion follows 
from a suitable application of the little Grothendieck inequality, see [18] . 



Remark 2.9. It follows from the proof that Theorem 12.81 also holds for Fdisc- 
Theorem 2.10. If 0^{u) is finite and G amenable, 

Hu x^ idQ : Li (Fdisc) — > ii,oo(rdisc)- 

Proof. We may assume that / is a positive trigonometric polynomial. Arguing as 
in the proof of Theorem 12.81 it suffices to consider the case where u is fixed by 7. 
This means in particular that x^ idQ)f is self-adjoint for / positive. Let us 
consider the *-homomorphism 

^Sisc^TG) ^ ioo(KSohr)^S(^2(G)) 



P 



b-expj x-y Ag(.9) 



b-exp. 



Since G is amenable, we may construct a F0lner averaging sequence: 



I Gj I < 00 and G^^ C G^^ for ji < j2 , 
\gGj\Gj \ -o(|Gj|) for all 5 e G. 



.g G B{£2{G)), we claim that following identities hold 



x^ idG)f\ 



sup A 

A>0 



X{X,oo){\Hu XI7 «dG)/|) 



sup A lim — - 



sup A lim T— - 

A>0 ^ |Gj 



sup A lim — - 

A>o J |Gj 



p{x{\,oo)(\Hu x^, idG)/|))pj 
Pj{x{\,oo}{\p[iHu x^ idc)/] 
{\PjP[iHu X7 idG)f]pj 



^i(RLhr;S'i(<!2(G))) 

KS<,h,;Si(£2(G)))' 
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Let US first finish the argument assuming this claim. If / = /s ^7 -^0(5), 

= «)«rf8(i'2(G))](p/))pj = [Hu(E>idB(e^{G))]iPjPif)P3)- 

The second identity uses that u is fixed by 7. Writing Haar integration in R^ohi. as 
a hmit of averages on arbitrary large cubes as we did in Paragraph l2.2[ a standard 
Fubini argument shows that the Li — >■ Li^oo boundedness of Hu'Siids{i2{G)) reduces 
to that of H (E)idB(i2{G)) where H stands for the one-dimensional Hilbert transform 
in the Bohr compactification of M. Such a weak type boundedness was proven by 
Randrianantoanina in his work |39] on Hilbert transforms associated to maximal 
subdiagonal algebras. Thus, combining this with our claim we deduce that we have 

IK^-^^*^G)/|L^^^(fr-;) < lif |^I|pjP(/)pJl,(E5^,„;s,(..(g))) = ll/llL,(f;~;)- 

The last identity above follows as in the second identity of our claim, which we 
now justify. The first identity is just the definition of the Li_oo quasi-norm. The 
second follows from Neuwirth/Ricard's matrix- valued form of Szego's theorem j31j . 
some details — also needed for the fourth identity — can be found below. The third 
follows since p is a *-homomorphism. Indeed, / is a trigonometric polynomial 
so that {Hu x-y idc)/ is a bounded operator. Therefore, we may replace X(a,oo) 
by X(A,M) for M large enough and argue by polynomial approximation. The last 
identity can be proved by following [31] Proof of Theorem 2.1] again, where the 
idea is to approximate X(a,m) I ■ I by polynomials and estimate 

PjP(^p[{Hu Xt- idG)f]^Pj - p{pjp[{H^ idG)f]pj^ 



lim ■ 



3 |G,-| 

for each polynomial P. As we have 

PjX^Pj - {pjxpjf ^pkx^~^{xpj -Pjxpj) + {pjX^'^Pj - {pjxpjf~^)xpj, 

an induction argument yields the inequality 

\\pjX^Pj - {pjXPjfW^ < (k- l)\\x\\'^^^\\xpj -pjXp-iW^. 

On the other hand, analyzing the trigonometric polynomial / term by term, we are 
reduced to showing that |Gj|~^||Apj ~ pjApj\\i — >■ for A = p(b-exp^ xi^ XQ{g)) 
and this follows from the relation 

\\Apj -PjApjW^ = ^ b-exp^-^^i(^) ® cgh^h ^ < \gGj \ Gj\ 

heGj\g-^G, 

and the fact that \gGj \ Gj\ = o(|Gj|), which follows from the amenability of G. □ 

End of the proof of Theorem A. We have proved i) ii) iii) and the endpoint 
estimates. The remaining equivalence with iv) is now very simple. Indeed, the 
boundedness for finite orbits follows from the triangle inequality since any block of 
rows is contractively complemented in the Schatten p-class Sp{G). When the orbit 
is infinite, unboundedness follows by picking fg^h = dh=efg so that the resulting 
square function inequality only holds for orbits with no Kakeya shadows. □ 
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Remark 2.11. Given a Fourier multiplier Tm on R" — for example, the directional 
Hilbert transform in this paper — and a orthogonal representation 7 : G — > 0(7^), 
wc may consider three noncommutative forms of such an operator 

(A) The matrix operator fg^h ® egji 1-^ lg-iTm{fg,h) ® eg^h, 

(B) The cross product operator /g ^cid) '-^ Tm{fg) XI7 Ag(,9), 

(C) The cocycle form of the multiplier in C{G): Xcig) '-^ "ih(g)AG(.9)- 

In terms of ip-boimdedness, [31] gives (A) => (B) for G discrete amenable and [18] 
— see Paragraph 13. 21 below — gives (B) => (C) for arbitrary discrete G. One could 
wonder when the reverse implications hold. When dealing with directional Hilbert 
transforms, Theorem A shows (A) <^ (B) for any discrete G, while the comment 
after Corollary C proves that the implication (C) ^ (B) fails in general. 

Remark 2.12. Given the unboundedncss for infinite orbits and our Loo BMO 

estimate for finite orbits — which hold in the category of operator spaces — we see 
that Lp-boundedness is equivalent to complete Lp-boundedness for twisted Hilbert 
transforms and 1 < p < 00, which was not clear a priori. 



3. Lacunarity, cocycles, and convergence of Fourier series 

In this section wc analyze the more general frameworks considered in Theorem B 
and Corollary C. We will also establish some connections between these problems 
and the Lp-boundedness of directional maximal operators or idempotent Fourier 
multipliers on M. 



3.1. Lacunary 7-suborbits. Given n > 2 and a set of directions C S" ^ in the 
unit sphere, the directional maximal operator Mq is defined on smooth functions 
/ : M" ^ C by 

1 r 

Mnf{x) = sup sup — / \f{x - tuj)\ dt. 

wen r>0 J-r 

The sets in the circle for which Mq is bounded in can now be described with 
remarkable accuracy. Bateman recently proved in [1] that Mq is L^-bounded for 
some/any l<(7<cx)ifff2isa finite union of lacunary sets of finite order in the 
sense of Sjogren/ Sjolin [JT]. In higher dimensions, the only known results are due 
to Carbery and Nagel/Stein/Wainger [61 [30]. In a recent paper [3j, we obtain more 
general results and characterize the L^-boundedness for arbitrary dimensions. In 
particular, we prove that Mq is L^-bounded for any 1 < 5 < 00 provided that 
n is HD-lacunary (see the introduction for the definition). This will be the key 
ingredient in the following lemma. 

Lemma 3.1. If 1 < p < 00 and is HD-lacunary, then 



< 



p 



p 



Proof. Since is essentially self-dual and the case p = 2 is clear, we may clearly 
assume that p > 2. Let ^ = 1 — |, then we select v in the positive part of the unit 



ball of such that 



ljGQ 
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E 
E 



\Hujfuj\'^{x)v{x) dx 



\H{fz,uj){s)\^Y;,^^{s)ds^dz, 



where fz,u]{s) = fu>{z + su) and Yz.u>{s) = y{z + soj) for z _L w and if stands for the 
Hilbert transform on R. Now we pick some < i5 < 1 and use the Hardy-Littlewood 
maximal operator M on M to get 

Vz,.;(s) < Af(vJ,^)''(s) ==supf-^ / YUz+{s~t)Lo)dt]^ <Mn{y^)\z + suj). 

r->o \2r J 



It is well-known [T2] that w^ = M{Y\{tY is an A2 Muckenhoupt weight with 
A2 contants depending only on 5. Since the Hilbert transform is bounded on 
L2(Rj W5(s)ds) with norm depending — linearly, see |35| — on the A2 norm of w^ 
we conclude 

II E ^ E |/.(x)pMn(v^)^(x) dx < WMnWls^^s \\ E I/' 

This also follows from [8]. We now use HD-lacunarity and the result from [34]. □ 

Remark 3.2. Given a discrete group G and a length function ?/> : G — > R+, a 
countable subset A = {Sj | j > 1} C G will be called ip-lacunary when the following 
condition holds 

sup%il<A, <1. 

3>l Vldj) 

Arguing as in Lemma 12.11 '^6 may construct a sequence of smooth functions hm 
on R+ fulfilling the hypotheses of Lemma 11.21 for the group Fdisc and the length 
function ^ x-y g i— ^ ^^(.9)7 so that 

' II E ■^■5 •^g;(^) ® 65 
SeA 



l/ll 



ip(rdisc;f?,) 



for every / € iA,p(rdisc) (1 < p < 00) and constants depending only on p, A^. 

Proof of Theorem B. Enumerating A — {gj \ j > 1}, we know by hypothesis that 
there exists some uj in the unit sphere so that 7j^^(w) — > ui lacunar ly as j — > 00. In 
particular, if 1 < j < M << N we see that 



9n 



9n 



In particular, if N = N(M) is large enough we find for I < j <M 



7 -1 (u) — u\ 



7 -1 (u) — 7-1 (u) 



'9j ^ ' '9; 

For sufficiently large M we approximate the p-norm of / G Ljy p{T^isc 



M 



M 



E/9, ^cCgj) 

i=i 



i=i 



We may now apply Remark [321 Indeed, consider 
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• The set Am = {gjg^^ 1 1 < j < M}, 

• The length function ip-y.uig) = \lgiu) — wp- 



We refer to Paragraph ll.3l to justify that ?/'7,m is a length. According to our estimates 
above, we see that Am is i/j-y^u-lacunary and Remark 13.21 yields the following norm 
equivalence with Sj = gjg^^ 



(SgAm 



ip(rdh 



c) 



Using the same equivalence for xi-^ ido)/, we are reduced to proving 



Lp(rdisc;f?J 



for 1 < p < 00 and constants independent of M. As explained in Section [l] these 
norms are sums/intersections of row and column spaces for p smaller/greater than 
2. In particular, it suffices to show that this inequality holds for row and column 
spaces independently. In the row case, the inequality reads as 

M 1 M 1 



< 



El/. 



which clearly holds from the Lp-bdness of In the column case we have 



M 

'Ei^- 



2\ 2 



7 I qj^q . 



< 



M 

E 

i=i 



for functions fg G ^p(I^bohr)- Arguing as in Paragraph 12.51 we are reduced to 
proving such an inequality in the Euclidean space Lp(M"). Now we use our second 
assumption which gives HD-lacunarity for the suborbit C'7(A~^, u) — and therefore 
also for the set 7gN7g^^(^) — conjunction with Lcmma fS.ll to deduce the validity of 
such a square function inequality in for 1 < p < 00 with absolute constants 

independent of M. This completes the proof. □ 

Remark 3.3. Theorem B admits several generalizations. Namely, we could work 
with other length functions ?/' for which A were -i/j-lacunary as long as A is a finite 
covering of the suborbit ©7 (A, u): sup^^^ | ^ | 7/1 (w) — 7g(u)} | < 00. On the 
other hand, more general notions of i/^-lacunarity may be considered. It would be 
interesting to obtain Littlewood-Paley estimates for i/j-lacunary sequence of higher 
order in the sense of [41| . with which one could relax the conditions in Theorem B. 

Remark 3.4. We have found in Lcmma [2Tl a twisted form on ip(]Rbohr) '^^ Meyer's 
square function inequality. Now we may provide necessary and sufficient conditions 
for this inequality to hold. Indeed, it follows from the proof of Theorem A that 
not admitting Kakeya shadows is necessary for the orbits/suborbits considered. On 
the other hand, being HD-lacunary is sufficient, as we see from Lemma |3. II and de 
Lecuw's compactification like in Paragraph 12.51 Simpler arguments — crgodicity 
and transference M" K^oiji. are not needed in the Euclidean-Lebesguean case — 
yield the same conclusions for the twisted Meyer's inequality on Lp(]R"). It is an 
open problem to decide if there exist sets of directions which do not admit Kakeya 
shadows and which fail to be HD-lacunary. 
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3.2. Convergence of Fourier series in the '0-metric. Corollary C follows from 
our results above on the discretized algebra £(rdisc), an intertwining identity from 
[15] and standard Fourier methods. 

Proof of Corollary C. If dimH = n the mapping tt^ : £(G) — !• £(MJJig^) x.y G 
determined by Xcig) b-exp^^^^ ■^oig) is a trace preserving *-homomorphism. 
The key property is that 

which can be easily checked. Note also that tt^,{La^p{G)) = iA,p(rdisc)- This allows 
us to represent H^^u as the restriction of the 7-twisted Hilbert transform to the 
image of tt^. In particular, the assertions in a) and b) on the boundedness of H^^u 
follow from the corresponding boundedness of Hu xi-y idQ considered in Theorems 
A and B. On the other hand, the Lp-density of trigonometric polynomials — for 
which the convergence results hold trivially — allows us to emulate the standard 
argument in T" for ip-convergence of Fourier series. In other words, we must show 
that 

/^E^Rk(6(5))/(5)Ag(5) 

defines an ip-bounded Fourier multiplier with constants independent of R. By the 
intertwining identity above, it suffices to prove uniform ip-boundedncss for the 
family Trk XI7 idQ, where Trk is the Fourier multiplier in -^^p(Kbohr) with Fourier 
symbol xrk- If wc denote the faces of K by djK (1 < j < m), this in turn factorizes 
as a finite product of semispace Fourier multipliers of the form Su-,v >^7 idc with 
Uj _L djK, Vj e KdjK and 

where 5*11/ ~ ^{id + iHu) and Myf = b-exp^,/. Since the modulations My idQ 
are Lp-isometries, the convergence result in c) follows once again from Theorem 
A applied to x^ idQ. It remains to justify the necessity in c). Consider the 
cocycle (H, b, 7) in Fdisc defined as follows 

H^MSisc, b(^,g)=C, 7(e,.9)-7s- 
The associated '(/'(C, 9) = yields iJ^.u = Hu x^ idQ and finiteness of 7(G) gives 



lim 

R— >CXD 



=0 

ip(rdiso) 



eeRKgGG 

from the same argument above. Now we assume that the limit above vanishes. 
By a standard application of the uniform boundedness principle, we deduce that 
supj^^Q ||Trk X7 idcWp^p < Since wc have already seen how translations of the 
Fourier symbol can be written in terms of conjugation against isometric modulation 
maps, we also deduce that we must have 

SUp||TVn,RK X^zdcL < 00, 
R>0 

where Tt-r rk is the Fourier multiplier associated to the symbol Xt^i RK- If we pick 
the translations trj- so that djKr\djTi{,jKK ^ 0, we see that tr ,,RK approximates 
the semispace determined by the face djK. Applying Fatou's lemma, we conclude 
that Huj X7 idQ must be Lp-boundcd for all 1 < j < m. The result finally follows 
from another application of Theorem A. □ 
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Remark 3.5. As with Remark 13.31 we may also consider different lengths for c). 

Remark 3.6. As it was justified in the introduction, condition a) in Corollary C 
no longer provides a characterization of the Lp-boundedness of H^^u for arbitrary 
discrete groups. Such a characterization appears to be harder and would yield 
examples of idempotent Fourier multipliers on group von Neumann algebras for 
arbitrary discrete groups. A characterization of the Lp boundedness of for 
G = R — i.e. idempotent Fourier multipliers determined by restriction from inner 
cocycles — will appear in f33j . 

Acknow^ledgement. We thank Andrei Jaikin-Zapirain for discussions regarding 
the geometric form of infinite orbits on the sphere and especially Marius Junge 
for allowing us to reproduce the cross product generalization [19] of de Leeuw's 
compactification. Javier Parcet was supported in part by ERC Starting Grant 
StG-256997-CZOSQP. Keith Rogers was supported in part by ERC Starting Grant 
StG-277778-RESTRICTION. Both authors were supported in part by the Spanish 
grant MTM2010-16518 and ICMAT Severo Ochoa project SEV-2011-0087. 

References 

1. M. Bateman, Kakeya sets and directional maximal operators in the plane. Duke Math. J. 147 
(2009), 55-77. 

2. M. Bateman, Single annulus estimates for Hilbert transforms along vector-fields. Preprint 
2011, arXiv: 1109.6395. 

3. M. Bateman and C. Thiele, estimates for the Hilbert transform along a one- variable vector- 
field. Preprint 2011, arXiv: 1109.6396. 

4. A.S. Besicovitch, The Kakeya Problem. Amer. Math. Monthly 70 (1963) 697-706. 

5. J. Bourgain, Vector valued singular integrals and the — BMO duality. Probability Theory 
and Harmonic Analysis. (Eds. Chao and Woyczynski) Decker (1986), 1-19. 

6. A. Carbery, Differentiation in lacunary directions and an extension of the Marcinkiewicz 
multiplier theorem. Ann. Inst. Fourier. 38 (1988), 157-169. 

7. A. Connes. Noncommutative Geometry. Academic Press, 1994. 

8. A. Cordoba and C.Fefferman, A weighted norm inequality for singular integrals. Studia Math. 
57 (1976), 97-101. 

9. A. Cordoba and R. Fefferman, On differentiation of integrals, Proc. Nat. Acad. Sci. U.S.A. 
74 (1977), 2211-2213. 

10. K. de Leeuw, On Lp multipliers. Ann. of Math. 81 (1965), 364-379. 

11. W.F. Donoghue Jr, Distributions and Fourier transforms. Academic Press, 1969. 

12. J. Duoandikoctxea, Fourier Analysis. Translated and revised from the 1995 Spanish original 
by D. Cruz-Uribe. Grad. Stud. Math. 29. American Mathematical Society, 2001. 

13. C. Fefferman, The multiplier problem for the ball. Ann. of Math. 94 (1971), 330-336. 

14. L. Grafakos, Modern Fourier Analysis. 2nd edition. Graduate Texts in Math. Springer, 2009. 

15. K. Grochenig and M. Leinert, Wiener's lemma for twisted convolution and Gabor frames. J. 
Amer. Math. Soc. 17 (2003), 1-18. 

16. M. Junge and T. Mei, Noncommutative Riesz transforms - A probabilistic approach. Amer. 
J. Math. 132 (2010), 611-681. 

17. M. Junge and T. Mei, BMO spaces associated with semigroups of operators. Math. Ann. 352 
(2012), 691-743. 

18. M. Junge, T. Mei and J. Parcet, Smooth Fourier multipliers on group von Neumann algebras. 
Preprint 2011, arXiv: 1010.5320. 

19. M. Junge, T. Mei and J. Parcet, Transference in noncommutative harmonic analysis. In 
progress. 

20. M. Junge, T. Mei and J. Parcel, Algebraic Calderon-Zygmund theory for von Neumann alge- 
bras. In progress. 

21. M. Junge, C. Palazuelos, J. Parcet and M. Perrin, The Bonami-Beckner hypercontractivity 
theorem for free products. In progress. 



30 



PARGET AND ROGERS 



22. R.V. Kadison and J.R. Ringrose, Fundamentals of the Theory of Operator Algebras I and II. 
Grad. Stud. Math. 15 and 16. American Mathematical Society, 1997. 

23. M. Laccy and T. Hytonen, Pointwise convergence of vector-valued Fourier series. Preprint 
2012, arXiv: 1205.0261. 

24. M. Lacey and X. Li, Maximal theorems for the directional Hilbcrt transform on the plane. 
Trans. Amer. Math. Soc. 358 (2006), 4099-4117. 

25. M. Lacey and X. Li, On a conjecture of E.M. Stein on the Hilbcrt transform on vector fields. 
Mem. Amer. Math. Soc. 965, 2010. 

26. F. Lust-Piquard, Incgalitcs dc Khintchinc dans Cp (1 < p < oo). C.R. Acad. Sci. Paris 303 
(1986), 289-292. 

27. F. Lust-Piquard and G. Pisier, Non-commutative Khintchinc and Palcy inequalities. Ark. 
Mat. 29 (1991), 241-260. 

28. T. Mei and J. Parcet, Pseudo-localization of singular integrals and noncommutative 
Littlcwood-Paley inequalities. Int. Math. Res. Not. 9 (2009), 1433-1487. 

29. D. Miiller, Twisted convolutions with Calderon-Zygmund kernels. J. Reine Angew. Math. 352 
(1984), 133-150. 

30. A. Nagel, E.M. Stein and S. Waingcr, Differentiation in lacunary directions. Proc. Nat. Acad. 
Sci. U.S.A. 75 (1978), 1060-1062. 

31. S. Neuwirth and E. Ricard, Transfer of Fourier multipliers into Schur multipliers and sumsets 
in a discrete group. Preprint 2010, arXiv: 1001.5332. 

32. J. Parcet, Pseudo-localization of singular integrals and noncommutative Calderon-Zygmund 
theory J. Funct. Anal. 256 (2009), 509-593. 

33. J. Parcet, M. Perrin and E. Ricard, Noncommutative dc Lecuw's theorem and idempotcnt 
Fourier multipliers. In progress. 

34. J. Parcet and K.M. Rogers, On directional maximal operators in higher dimensions. Preprint 
2012, arXiv: 1205.3606. 

35. S. Petermichl, The sharp bound for the Hilbcrt transform on weighted Lcbcsgue spaces in 
terms of the classical Ap characteristic. Amer. J. Math. 129 (2007), 1355-1375. 

36. G. Pisier, Multipliers and lacunary sets in non-amenable groups. Amer. J. Math. 117 (1995), 
337-376. 

37. G. Pisier, An inequality for p-orthogonal sums in non-commutative Lp. Illinois J. Math. 44 
(2000), 901-923. 

38. G. Pisier and Q. Xu, Non-commutative martingale inequalities. Comm. Math. Phys. 189 
(1997), 667-698. 

39. N. Randrianantoanina, Hilbcrt transform associated with finite maximal subdiagonal algebras. 
J. Aust. Math. Soc. 65 (1998), 388-404. 

40. I.J. Schoenberg, Metric spaces and completely monotone functions. Ann. of Math. 39 (1938), 
811-841. 

41. P. Sjogren and P. Sjolin, Littlewood-Palcy decompositions and Fourier multipliers with sin- 
gularities on certain sets. Ann. Inst. Fourier (Grenoble) 31 (1981), 157-175. 

42. E.M. Stein, Harmonic Analysis: Real Variable Methods, Orthogonality, and Oscillatory Inte- 
grals. Princeton Math. Ser. 43. Princeton Univ. Press., NJ, 1993. 

Javier Parcet 
j avier . parcetOicmat . es 

Institute dc Cicncias Matcmaticas 
CSIC-UAM-UC3M-UCM 
Consejo Superior dc Investigacioncs Cicntificas 
C/ Nicolas Cabrera 13-15. 28049, Madrid. Spain 

Keith Rogers 
keith . rogersOicmat . es 
Institute de Cicncias Matcmaticas 
CSIC-UAM-UC3M-UCM 
Consejo Superior dc Investigacioncs Cientfficas 
C/ Nicolas Cabrera 13-15. 28049, Madrid. Spain 



